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Abstract:

Forward kinematics is fundamental to robot design, control, and
simulation. Different forward kinematics algorithms have been developed
to deal with the complex geometry of a robot. This paper presents a robot
forward kinematics algorithm in dual quaternion space. The presented
method uses Denavit-Hartenberg (DH) convention for uniform definition of
successive rotational and translational transformations in joints along the
robot’s kinematic chain. This research aims to utilize the advantages of dual
quaternions and DH convection for forward kinematics computation and
make the algorithm, which is compact, intuitive, numerically robust, and
computationally efficient as it uses the minimal number of parameters
required for the computation, suitable for implementation in ROS and
similar software. The algorithm is verified on the 6DoF industrial robot
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1. INTRODUCTION

Forward kinematics represents the foundation
of robot design, control, and simulation. The
solution to the robot forward kinematics problem is
to determine the position and orientation of the
robot end-effector for given joint positions and
geometric parameters [1]. Solving the forward
kinematics problem requires the development of a
kinematic (geometric) model for a given robot. The
kinematic model in robotics refers to the
relationship between joint space and operational
space coordinates [2]. This relationship is most
often defined by the suitable placement of
coordinate frames rigidly attached to robot links
and by the determination of spatial transformations
between successive coordinate frames.

The placement of coordinate frames is usually
based on the adopted convention, which is
advantageous for consistency and computational
efficiency [1]. Some of the most used methods for
kinematic modeling in robotics are the Denavit-

Hartenberg convention [3], the Product of
Exponentials (PoE) approach [4], and the Rodriguez
approach [5-6]. DH convention minimizes the
required parameters to locate coordinate frames
attached to robot links relative to one another to
four parameters per each coordinate frame [3].
Following the DH convention, a general
transformation from one coordinate frame to
another can be conveniently described using 4x4
matrices known as homogeneous transformation
matrices (HTM). Rodriguez's approach [5-6]
employs  rotation  matrices to  describe
transformation between coordinate frames and is
also often used for modeling biomechanical
systems [7]. The Product of Exponentials (PoE)
approach uses matrix exponentials to represent
transformations between coordinate frames [4]. DH
convention is by far the most used method for
kinematic modeling in robotics due to its minimal
number of parameters required to represent robot
configuration [8]. Still, HTM representation is highly
redundant since in the transformation matrix, 16
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numbers are used to represent six degrees of
freedom of the rigid body (9 numbers are used for
representing the orientation, 3 for the position, and
four are trivial) [9-10]. This redundancy can
introduce numerical problems in the calculation.

Successive rigid body transformations in robot
kinematic chains can also be defined using dual
quaternions [11-14]. Dual quaternions are the most
compact mathematical construct for defining the
screw motion [10,15]. Compared to HTM, they
represent a numerically robust method for robot
links” pose definition. Dual quaternion consists of
eight elements, of which one is trivial. They can be
defined as dual numbers with unit quaternions as
components that enable them to represent
rotational and  translational rigid body
transformation [16].

In this paper, we present a dual quaternion-
based algorithm to solve the robot forward
kinematics problem, which uses the DH convention
for uniform definition of successive rotational and
translational transformations in joints along the
open kinematic chain. The motivation for the
presented research is to employ the compactness
and numerical robustness of dual quaternions with
the practicality and intuitiveness of DH convection
for forward kinematics computation. Ulterior
motivation is to present the algorithm suitable for
implementation in Robot Operating System (ROS),
i.e., customized to the robot link's pose/movement
representation in ROS [17]. The ROS is considered
the leading free and open-source software
framework for robotic applications.

DH convention assignment of the coordinate
systems makes using the dual unit quaternions as
rigid  transformations  straightforward. The
algorithm presented in [18] also uses a combination
of DH convention and dual unit quaternions for the
solution of forward and inverse kinematic
problems, as well for differential kinematics with
the adopted convention that for each frame, rigid
translational transformation is always carried out
first, followed by rigid rotational transformation In
this paper, we adopted the order of rigid
transformations where transformations tied to the
z(i-1) axis are carried out first, followed by
transformations associated with the xi axis, which is
based on the DH convention presented in [19].

The presented forward kinematics algorithm is
implemented in the programming language C++ and
used with Robot Operating System (ROS) and RViz
[20] for visualization of robot motion [21]. The
solution is demonstrated and verified with the 6
Degree of Freedom (DoF) industrial robot arm.

This paper is organized as follows. Section 2
presents significant arithmetic operations of
quaternions, dual numbers, and dual quaternions.
Section 3 summarizes a dual unit quaternion-based
algorithm  for robot forward kinematics
computation with the presented procedure of the
coordinate assignment according to the DH
convention. In Section 4, the previously presented
algorithm is applied to six degrees of freedom
industrial robot arm RL15 and verified with a
previously developed forward kinematics solution
based on homogeneous matrices. Finally, in
Conclusion, the advantages and disadvantages of
the presented forward kinematics algorithm are
summarized, and numerical and symbolic
verification results are given.

2. PRELIMINARIES
2.1 Quaternions

Quaternions are four-dimensional vectors with
distinct algebraic operations, introduced by Sir
William Rowan Hamilton [22-23]. They have uses in
the fields such as quantum mechanics, computer
graphics, electrodynamics, robotics, etc. [24-25].
Quaternion is defined as:

q=w+xi +yj+zk, (1)

where w, x, yand zare real numbers and i, j and k
are imaginary numbers [23].

A quaternion can also be represented in a two-
component form consisting of a scalar and a vector
part:

q=[wv], v=[xy7], (2)

where w is the scalar and v is the vector part.
This representation defines vector v with x, y, z
coordinates along unit vectors i, j, k, respectively.
Basic arithmetic operations with quaternions are
given in Table 1. In Table 1, s is an arbitrary scalar,
g.and q; are quaternions with their scalar w;, w, and
vector parts v,, V. respectively.

Table 1. Arithmetic operations with quaternions: 1.
Scalar-quaternion multiplication; 2. Quaternion addition;
3. Quaternion multiplication ((®); 4. Conjugate
quaternion; 5. Norm

Designated

Arithmetic operation
number

sq,=[sw,, sv,]

q1+q2=[W1+W2: V,HV,]

quqz=[w1 W,=ViVy, WiV HW,VHV XV, |
C_11=[W1,'V1]

lla,ll=\/qa,q,

vis | wiN e
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Quaternions are particularly useful in
representing a rigid body orientation/rotational
transformation.  Singularity-free  nature and
unambiguousness make quaternions the preferred
choice over some of the traditional methods for
representing rigid transformation [25].

Unit quaternion, a quaternion whose norm
equals one, is used to describe rotation about a unit
axis u = [u,, u,, u;] for an angle ¢ using the following

expression:
= [os(@sn @ 0

Besides being used primarily as a tool to
represent rotations, quaternions can also be used
to represent rigid body translation. Translational
rigid transformation, defined as a translation for
scalar value m along a unit axis t = [t t,, t.], can be
written in the form of a quaternion:

trans

qi = [0, mt] = [0, mt,, mt), mt,]. (4)

2.2 Dual numbers

Dual numbers were introduced by an English
polymath William Kingdon Clifford in the
nineteenth century [26]. A dual number is
considered a generalized type of complex number
where the imaginary number i is replaced with the
operator €. Dual numbers are defined as:

a=p+de, (5)

where € # 0 and €2= 0. Real numbers p and d in Eq.
(5) are considered primary and dual parts of the
dual number a, respectively. Dual numbers are
essentially an ordered pair of primary and dual parts
(p,d) with distinct arithmetic operations given in
Table 2 [26-27].

Table 2. Operations with dual numbers: 1. Addition; 2.
Multiplication, where a: and a. are dual numbers, (ps, p:)
and (ds, d.) are their primary and dual parts,
respectively.

Designated Arithmetic operation
number
1. a,+0,=(p,+p, ) +e(dy+d,)
2. 0102=p1p2+£(d1p2+p1d2)

2.3 Dual quaternions

Following the previous definitions of
guaternions and dual numbers, dual quaternions
can be defined as dual numbers with quaternions as
components, i.e., the dual quaternion consists of

the primary and the dual part in the form of a unit
quaternions [16,25] written as:

h =qP +q¢, (6)

where h is a dual quaternion, g, q¢ are quaternions
with superscripts denoting primary and dual parts
of the dual quaternion, respectively, and € is the
dual operator. The rigid transformation described
by the relative position and orientation of two
coordinate frames can be presented with a unit dual
guaternion [11]. Unit dual quaternion has unit
guaternions as components and represents a rigid
transformation in the following manner:

h =g +05e(qy” © q™),  (7)

where quaternion g represents rigid rotational
transformation calculated using equation (3) and
q."" is a vector representing translation written in a
qguaternion form using equation (4). Based on
equations (6) and (7) primary and dual parts of the
unit dual quaternion are:

hP = g7, (®)
h? = 0.5(q™ O qi"™"). (9)
Let two dual quaternions be defined as:
h, = h? + ¢h{, (10)
h, = h} + ¢h{. (11)

The formula for dual quaternion multiplication is:
h, ® h, =h} O h} + e(hY © h§ + h{ O h}). (12)

Herein the dual quaternion multiplication is
denoted with the symbol (&).

The operation of dual quaternion multiplication
can be used to represent a composition of rigid
transformations [11] in the same way as
homogeneous transformation matrices
multiplication. Dual quaternion multiplication
forms a new unit dual quaternion that represents
the combined transformation of the original two.

3. MATERIALS AND METHODS
3.1 Algorithm explanation

As was already stated in Section 2, the unit dual
guaternion is capable of representing general rigid
transformations. With a single unit dual quaternion,
one can describe translation followed by a rotation
or vice versa. This property enables employment of
the DH convention. Using previously derived theory,
we can represent rigid transformation from (i-1)-st
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to i-th coordinate system as a multiplication of two
dual quaternions:

::—1 = hzi_l & hxir (13)

Unit dual quaternions h, and h, represent rigid
transformations tied to the respective axes z,, and
X, , according to the DH convention. Unit dual
quaternion h, is defined as a rotation about z,, axis
for an angle ¢, followed by a translation along the
same z,, axis by a value d. Analogously, we have a
similar situation with unit dual quaternion h,
defined as a translation along a x; axis followed by a
rotation about the same x, axis for a value of @, and
an angle o, respectively. Parameters ¢, d,, a, and ¢,
are DH parameters of the j-th joint. Unit dual
quaternions h, and h, can be written as:

h,,_, = hi% +0.5e(hi%", O hi2rs), (14)

Zi-1 Zi—1

h,, = hit + 0.5¢(ha™ O hL%Y),  (15)

Zi-1

After all unit dual quaternions that represent
rigid transformations between each two successive
coordinate frames denoted with indices i and i+1
are calculated based on DH parameters, the next
step is to multiply them to obtain dual quaternion
that represents rigid transformation between
reference and end-effector coordinate frame:

hepg =hf ®hi ® ...Qh_,, (16)

The end effector position in quaternion form is
extracted from the dual quaternion h_, via the next
formula:

end

pP= z(hgnd @ Bgnd)’ (17)

The position of the end effector is the vector part
of the quaternion p. Orientation of the end effector
is the primary part of dual quaternion h_,:

o="h" (18)

end’

3.2 Algorithm steps

Step 1. For i = 1,2,..,n, locate the reference
frames attached to each link according to the DH
convention presented in [19]. The base is denoted
with subscript 0, and n is the number of DoF.

Step 2. For i = 1,2,..,n joints, assign DH
parameters for the robot manipulator as presented
in [19].

Step 3. For i = 1,2,..,n joints, define unit
quaternions q:’i, q‘:’lns, q:" and q:a“ according to
their respective formulas and DH parameters
assigned in Step 2.

Step 4. For i = 1,2,..,n joints calculate dual
quaternions h, and h, according to equations (14)
and (15), respectively.

Step 5. For i = 1,2,...,n perform successive dual
quaternion multiplications according to equation
(16) to calculate dual quaternion describing rigid
transformation from the base frame to the
coordinate frame attached to the end-effector.

Step 6. Calculate the position and orientation of
the end-effector from h_, using equations (17) and
(18).

A summarized overview of the previous steps is
given in Fig. 1.

[ Locate coordinate frames j

1
( Determine DH parameters j
1
[ Calculate g, q!™™, q'°", q;;a"S]
1
[ Calculate h,_,,h,, ]
L
[ Calculate h;_l j
Il
[ Calculate hgpg j
1
Calculate position
and orientation

Fig. 1. Steps of the kinematic modelling and forward
kinematics algorithm

4. RESULTS AND DISCUSSION
4.1 Symbolic example on 6DoF robot RL15

The presented forward kinematics algorithm is
verified using the industrial six-degree-of-freedom
robot arm RL15 with revolute joints. The kinematic
model and forward kinematics algorithm with
homogeneous matrices for robot RL15 used as the
reference for our verification can be found in [28].
Following steps 1. and 2. of the algorithm in
subsection 3.2. of this paper, assigned coordinate
frames are shown in Fig. 2., and DH parameters for
RL15 are populated in Table 3.

Table 3. DH parameters for robot RL15

joint | G[°] | dilmm] | a;[mm] | o;[°]
1 q: 0 200 90
2 g-+90 0 600 0
3 gs 0 115 90
4 gs 825 0 -90
5 gs 0 0 90
6 gs 0 0 0
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Fig. 2. Coordinate frames assignment according to
DH convention for RL15

Now, with all coordinate frames assigned and all
of the DH parameters determined, the next step is
setting up the dual quaternions for rigid
transformations. First, quaternions representing
rotation and translation vectors are determined
based on DH parameters as shown in Table 4 and
Table 5. Parameters d, and g, are substituted as
symbolic variables for clarity.

Table 4. Rotation and translation quaternions for z:; axis
based on DH parameter for RL15

i q; q;”

1] eos (% , 0,0, sin (%)] [0,0,0,0]
2 [cos (— +9o) ,0, 0, sin (? +9o)] [0,0,0,0]
3 |cos (%) ,0,0, sin (%)] [0,0,0,0]
4 [cos (%) 0,0, -sin (%)] [0,0,0,d,]
5| e (%),o, 0, sin (%)] [0,0,0,0]
6| [cos (%) ,0,0, -sin (%)] [0,0,0,0]

Table 5. Rotation and translation quaternions for x; axis
based on DH parameter for RL15

i q;ot qiltans
2 2
1 £r £IOI0 [OI a,, OIO]
2 2
2 [1,0,0,0] [0,a,,0,0]
2 V2
3 £I£IOIO [0’ a3’ 0'0]
22
2 2
4 £I-£IOIO [OIOIOIO]
2 2
2 V2 ]
5 £; £10'0 [OIOIOIO]
22
6 [1101010] [ol OIOIO]

Using steps 3. through 6. from the algorithm in
subsection 3.2. we can calculate the pose of the end
effector. The following substitutions are adopted
for clarity:

cos B; = cp,sinf; = sp,, (19)

cos(Bi + By) = cepixpp, Sin(B; £ Bj) = S(;26))-(20)

Position of the end effector frame with
projections onto x, y and z coordinate axes:

Px = qu(al + daCqy+q; — A3Sq,+q; — aZqu)' (21)
Py = SQl(al + d4Cq,+q; — A35q,+q; — azsqz), (22)
Pz = A3Cq,1q, T daSq,4q, + A2Cq,-  (23)

Orientation of the end effector frame in
quaternion form:

0, = Z(Ug, +U3), (24)

0, =2 (US +UD), (25)
V2

0, = (U5 +U3), (26)

0, =2 (Ug +U9), (27)

where further substitutions are adopted and
displayed in Table 6.

Table 6. Substitutions for the end-effector orientation
equations (24), (25), (26) and (27)

Substitution | Substituted expression
Usv C(v1-vz-vs-v4+v5+v6-v7+v8)
Ujv S(Vl-Vz+V3+V4-V5-V5+V7-V8)
U; C V1 Vg V10 VgV #V15 4V 3+ )
U; SV, Vo Vig#VeVag Vip-Vig+Vig)
U; c(Vg-V15-V14-V10-V5+V11+V12+V13)
U\s/ S(Vls-V9+V14-V10-V6+V11+V12+V13)
U(z: C(vs-v1+v2+v3+v4+v6-v7+v8)
U; S(VehVy Vo V3 HV, VgV +Vg)
A E+E.

V, Ei+Es
Vs -E1+E¢
Va4 -E:+E;
Vs Ex-Es
Vs Ex-Es
vV, E-+Es
Vs E,+Es
Vo Ei-Es
V1o -Ei+Es
Vll EZ' ES
V12 E2+ E6
1
Es 5(a,-9,-,)
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Table 6. Substitutions for the end-effector orientation
equations (24), (25), (26) and (27) - Continuation of the
table from the previous page

Substitution | Substituted expression

1

E: 5(9,%9,%q;)
1

Es 5(9.%9,+q,)
1

Es 5(9.+9,-9,)
1

Es 5(9,-95-9,)
1

Es > (9,-9,%q,)

Comparing previously obtained results with the
dual quaternion-based algorithm and results
obtained with homogeneous transformation
matrices [28], it can be verified that the dual
guaternion algorithm yields the same results.

4.2 Simulation example using implementation in
ROS and RViz

A simple library is developed in C++ to
implement dual quaternion algebra for coordinate
transformations with necessary data structures and
operations [21]. Quaternion is defined as a
composition of scalar and vector objects according
to representation in (6). A dual quaternion is
defined as a composition of two quaternions. The
multiplication and addition operators are
overloaded based on the operands that are using
them. The dual quaternion library enables the dual
guaternion computation of the forward kinematics
in ROS. Fig. 3. shows the model of the RL15 in RViz.

The end-effector pose, denoted as
‘eeCarry_seg6’ in Fig. 4., can be examined in the left
tab inside RViz under the options ‘Position’ and
‘Orientation’.

Fig. 3. RL15 model in RViz

* eeCarry_seg6 v
Parent wrist_seg5

~ Position 1.025;-1.9744e-10; ...
X 1,025
A4 -1,97439e-10
Z 1,445

+* Qrientation 0.70711;0;0.70711...
X 0,707107
Y 0
£ 0,707107
w 1,26918e-09

+ Relative P... 0:0:0

v Relative ... 0:0:0:1

Fig. 4. Numeric values of a pose of the end-effector
in RViz underlined with red line

The primary application of this library is to
enable forward kinematics computation in ROS
projects. It is used in conjunction with RViz to
visualize robots for simulation and remote
monitoring purposes easily.

5. CONCLUSION

In this paper, we presented and verified the
forward kinematics algorithm based on dual
qguaternions using the DH convention and
implemented it as a C++ library for applications in
ROS. Dual quaternions are a viable option for
representing rigid transformations in the kinematic
analysis of robotic manipulators. Dual quaternions
allow singularity-free equations, which is a
significant advantage compared to Euler angles, and
they can represent rotational and translational rigid
transformations between frames combined into
one object. The DH convention provides a
consistent and systematic way to describe the
kinematic structure of a manipulator, allowing for
the use of simple algebraic equations to compute
the forward and inverse kinematics and being able
to handle manipulators with any number of degrees
of freedom and any joint type. Using a combination
of DH convention and dual quaternions, one can
benefit from minimal parameter representation,
systematic  kinematic modeling, numerical
robustness, and compact representation of screw
motion.
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